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Supplementary Exercise 3

In the following exercises, we assume the axioms of incidence, axioms of betweenness, axioms of

congruence for line segments and angles.
1. Let P be the set of all oriented line segments and let xﬁ, @, ﬁ € P. Prove that

(A_B>+C_D))+ﬁ:/@+(ﬁ+ﬁ).

2. Recall that if AB, CD are line segments, AB is less than C'D if there exists E such that C * Ex D
and AB =2 CE. We denote it by AB < CD.

However, this definition depends on the choice of orientation of CD (but not AB, since AB = BA).

Show that the above definition is well established by proving that AB < CD if and only if AB <
DC.

3. Let AB be a line segment and let [ be a line. Prove that there exists a sequence of points C,, such
that C,, x Cp,y1 % Cpyo and C,Crip1 £ AB foralln=1,2,3,....

4. Let ZBAC and ZBAD be supplementary angles and /BAC = /B'A'C".
Prove that ZB’A’C’ and £B'A’D’ are supplementary angles if and only if /ZBAD = /B'A’D’.

5. Prove that any two right angles are congruent to each other.

6. Rephase proposition 5 and 6 in Book I of Eucild’s Elements and rewrite the proofs of them.

Lecturer’s comment:

1. There exists a unique G such that A* B« G and BG = CD and ﬁ + ﬁ = ﬁ
Also, there exists a unique H such that A x G x H and GH = EF and (ﬁ + @) + EF =

ACG + EF = AH.

On the other hand, there exists a unique I such that C« DI and DI &£ EF and @ + ﬁ = CT}
Also, there exists a unique J such that A* BxJ and BJ = C[I and z@Jr (@+ﬁ) = E+B—J> =

AJ.

Then, BG=CD and GH = EF = DI, by axiom C3, BH = CI. Also CI = BJ,so BH = BJ.

Since J, H and A are on the opposite side of B, J and H are on the same side of B. By axiom C1,

H =J. As a result,
(ﬁ+@)+ﬁ:A_B>+(C_f)+ﬁ).



2. Suppose that AB < CD, there exists E such that C * Ex D and AB = CE.

By axiom C1, there exists unique E’ on the ray r pc such that AB = DE’. We claim that D*E’'*C,
and so AB < DC.

Suppose not, then we have C = E' or B/ x C * D.

(i)

If C = E', let F be a point such that F' and E are on the opposite side of D, and DF = DFE
(axiom C1).

Since CE 2 AB= (CD and ED = DF, by axiom C3 CD = C'F. Note that D and F are on
the same side of C, it forces that C' = F' by axiom C1, which is a contradiction.

If E'+Cx D, let F be a point such that F' and E are on the opposite side of D , and DF = DE
(axiom C1).

Furthermore, let G be a point such that G and D are on the opposite side of F', and F'G = E'C
(axiom C1).

Since CE =2 AB 2 E’'D and ED = DF, by axiom C3 CD = E'F. Again, CD = E'F and
E'C =2 FG, by axiom C3 E'D = E'G. Note that D and F are on the same side of E’, it

forces that C = F' by axiom C1, which is a contradiction.

3. Let AB be a line segment and let [ be a line.
By axiom I2, there exists 2 points lying on [. We choose any one of them and call it Cy
Take one ray r C [ originated from C4, by axiom C1, there exists Cy on r such that C1Cs = AB.
By axiom C1, there exists C3 such that C's and C; are on the opposite side of Cs and CyC3 = AB.
Repeating this process, we can obtain a sequence of points C,, as required.
4. (i) 7=": By choosing another B’, C’ and D’ if necessary, we may assume AB =2 A'B’', AC = A'C’
and AD = A'D’.
AB =2 A'B’, AC =2 A'C'" and /BAC = /B'A’C’ implies that BC = B'C’ and /BCA =
ZB'C'A" (axiom C6, SAS).
Then, we have CA =~ C'A’ and AD 2 A'D’, so CD = C'D’ (axiom C3.
CD = C'D', BC = B'C' and Z/BCA = /B’'C’'A’ implies that BD = B’D’ and /BDA =
/B'D'A’ (axiom C6, SAS).
BD 2 B'D', AD 2 A’D’ and /BDA = /B'D’A’ implies that /BAD = /B'A’'D’ (axiom
C6, SAS).
(ii) ?«<=”: Let E’ be a point such that E’ lies on the line l4/¢s, and E’, C' are on the opposite
side of A’. Then ZB'A’C’ and ZB'A’E’ are supplementary.
By the previous part, we have ZBAD = /B’A’E’. By assumption, we have /BAD =
LB'A'D', so /B'A'D' = /B'A'E.
By axiom C4, D’ lies on the ray r4 g and so ZB’A’C’ and Z/B’A’D’ are supplementary
angles.
5. Suppose that « and o’ are right angles. By assumption, o = 3 and o/ = 8’. We claim that o = /.

Suppose the contrary, without loss of generality, let o < /.



6.

Then there exists a ray r4g/ in the interior of o such that Z/ZE'A’'B’ = a.

C

Claim: The ray 74/¢ is in the interior of ZE'A’D’, and so 8’ < ZE'A’D’.

By crossbar theorem, the ray 4/ g intersect the line segment at a point F’. Therefore, C' and B’
are on the opposite side of the line [ 4 /. Also, D’ and B’ are on the opposite side of the line [ 4/ 5.

Therefore, C’ and D’ are on the same side of the line 4/ 5.

On the other hand, we have C’ * F’ x B’ and so C’ and F' are on the same side of [4/p/. Also, E’

and F’ are on the same side of {4 p:-. Therefore, C' and E’ are on the same side of the line [ 4/ p/.

Therefore, the ray r4:¢/ is in the interior of ZE'A’D’.

Note that ZE'A'B’ = o, o, 8 and LE'A’B’, ZE'A’D’ are supplementary, so ZE'A'D’' = j3.
As aresult, o/ = ' < LE'A'D"” = 3 = o which contradicts to that o < o'.
(a) (Proposition 5) Given an isosceles triangle ABC with AB = AC, then ZABC = ZACB

(known as ”base Zs, isos. A). Furthermore, if D and E are points such that A « B x D and
AxCx* E, then ZCBD = /BCE.

proof: Take a point F' on the ray rgp. By axiom (C.1), there exists a unique point G on the ray

rap such that AF =2 AG. Since AB =2 AC, AG =2 AF and /BAG = ZCAF, by axiom
(C.6), we have LZABG = LACF, LZAGB = LAFC and BG = CF. By construction, we
have Ax* Bx F and A* C x G, also AF = AG and AB = AC, so BF = CG. Then, since
BF = CG, LBFC = Z/CGB and CF = BG, by axiom (C.6), we have /ZFBC = /GCB,
/BCF = /CBG. Again Ax B« F and A x C x G implies rcp and rpc are in the interior
of ZACF and ZABG respectively, also ZABG = /ACF and /CBG &£ /BCF, so ZABC =
/ACB.

(b) (Proposition 6) Given a triangle ABC. If ZABC = ZACB, then AB = AC' (known as "base
Zs equal”).

proof: Assume that AB is not congruent to AC, then either AB > AC or AB < AC. Without loss

of generality, we assume AB > AC. By definition, there exists a point D such that Ax D x B
and BD =2 AC. DB = AC, BC 2 CB and ZDBC = ZACB (assumption), by axiom (C.6),
we have ZDBC = LZACB and £/DCB = Z/ABC = £ZDBC. Therefore, ZACB = /BCD. By
axiom (C.6), there is only one angle on the same side of the ray rcp congruent to ZACB,
so rca = rop and A = D, which contradicts to that A x D x B.



